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Question 12 continued ... 

(d) Let ABPQC be a circle such that AB = AC, AP meets BC at X, and 
AQ meets BC at Y, as shown below. 

Let LBAP = a and LABC = fJ. 

8 

(i) Copy the diagram into your writing booklet, marking the 
information given above, and state why LAXC = a+ f3 . 

(ii) Prove that LBQP = a 

(iii) Prove that LBQA = fJ 

(iv) Prove that the quadrilateral PQYX is cyclic 
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Year 12 2014 Mathematics Extension 1 Task 4 Trial HSC 
Question No. 11 Solutions and Marking Guidelines 

Outcomes Addressed in this Question 

HE2 - uses inductive reasoning in the construction of proofs 
PE3 - uses problems involving permutations and combinations, inequalities, polynomials, circle geometry 

and parametric representations 

Outcome 

PE3 

11. 

a) 

Solutions 

Restrictive domain: 
2(p-2)2 0 

p-220 

p22 
RHS only exists for p 2 2. 

Now, IP-21 > ~2(P-2) 
Squaring both sides 

b) 

(p -2Y > 2(p -2) 
p 2 -4p+4>2p-4 

p 2 -6p+8>0 

(p-2)(p-4)> 0 

0 1 2\. 3 /4 5 6 7 8 9 10 11 -1 -~· 

-2 

-3 

-4 

p <2,p >4 

Considering the restrictive domain (i.e. p 2 2 ), 

the solution is p > 4. 

Since the division is external find the coordinates 
of a point dividing AB in the ratio 3:-2 

=14 

A(-1,3)x 3 

B(4, 8) -2 

=18 

Thus the coordinates of the point required 
are (14, 18). 

Marking Guidelines 

3 marks complete correct 
solution 

2 marks for substantial correct 
working leading to a correct 
solution 

1 mark for limited correct 
working leading to a correct 
solution 

2 marks complete correct 
solution 

1 mark for substantial correct 
working leading to a correct 
solution or finding the internal 
division of the interval AB in 
the ratio 3:2 



y= ... (A) 

)' = 

Sub i\_ B 
0 e·c ~4 

0=~ ~4 

4=~2x vihen .x = -2, y :.o 

=4 3 111(1lfkc3 '•''-•'JU .. :.p.O.I,, 

solution 
The is ( 

Gradient :..-::-2 

at .x == 

tangent tn y = --- 2x --- 4 at x = -2 

--~· 2 

=-6 

t\VO l:';l.ll''VeS 
., 

Jl::::::: .. '\:'..:. 

5 

=4 



d) 
HE2 Required to prove that: 

1 sn = -n(n + 1X2n + 1), for n = 1,2,3, ... 
6 

Show true for n = 1 : 

LHS=(1Y 
3 marks complete correct 
solution 

=1 

RHS = !(1Xl + 1X2(1)+ 1) 
6 
6 2 marks for substantial correct 

= - working leading to a correct 
6 solution 

=1 

LHS=RHS 

:. Thestatementis truefor n = 1. 
1 mark for limited correct 

Assume true for n = k : 
working leading to a correct 
solution 

1 sk =-k(k+IX2k+l) 
6 

Prove true for n = k + 1, i.e. prove that: 
1 sk+I =-(k+lX(k+l)+lX2(k+l)+l) 
6 
1 

= -(k+1Xk+2X2k+3) 
6 

Now, 

s k = s k + (k + 1 y 
1 

= -k(k + IX2k + 1)+ (k + IY 
6 

= (k + 1{ ~k(2k + 1)+ (k + 1)] 

= (k + d~ k(2k + 1): 6(k + 1)] 

=!(k+1X2k 2 +k+6k+6) 
6 

=!(k+1X2k 2 +7k+6) 
6 
1 

= -(k+lXk+ 2X2k+3) 
6 

:. Statement is true for n = k + 1. 

If the statement is true for n = k , it is also true for n = k + 1 . 
Therefore, the statement is true for all natural numbers n 
(i.e. n = 1,2,3, ... ).by mathematical induction. 
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correct 
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1 mark t)r 21C~ 



Year 12 Ext 1 Mathematics TRIAL EXAM 2014 
Question No. 12 Solutions and Marking Guidelines 

Outcomes Addressed in this Question 
PE3 - solves problems involving polynomials, circle geometry and parametric representations 

Outcome Solutions 

p~ w !+!+!=h+~+~ 
a f3 r af3r 

2 

5 = ---,,....:::...."' 
-( ~4) 

1 
=--

2 

PE3 (b) f ( x) = 2x4 + ax3 - 2x2 + bx + 6 

PE3 

By the remainder theorem, f (1) = 12 

2+a-2+b+6=12 

( c )(i) 

a+b=6 ... (1) 

By the factor theorem,! (-±) = 0 

a+b=6 

a+4b=45 

3b=39 

b =13 

a=-7 

1 a 1 b 
-------=-6 
8 8 2 2 
1-a-4-4b =-48 

a+4b=45 ... (2) 

... (1) 

... (2) 
(2)-(1) 

tangents are y = px- ap2 

and y = qx-aq2 

so px-ap2 = qx-aq2 

px-qx = ap2 -aq2 

(p-q)x = a(p-q)(p+q) 

x = a(p+q) 

and y = p(a(p+q))-ap2 

= ap2 +apq-ap2 

=apq 

ie tangents meet at T : (a (p + q), apq) 

Markin2 Guidelines 

2 marks: correct solution 

1 mark: substantially 
correct solution 

3 marks: correct solution 

2 marks: substantially 
correct solution 

1 mark: partially correct 
solution 

2 marks: correct solution 

1 mark: substantially 
correct solution 



PE3 ( c )(ii) gradients of tangents are~ = p & m2 = q 

tanB= ~-mz 
1+~m2 1 mark: correct solution 

tan45° = p-q 
1+ pq 

p-q 
1=--

1+ pq 

1+pq=p-q 

PE3 (c)(iii) x2-4ay=(a(p+q))2 -4a(apq) 

= a2 (P2 +q2 + 2pq )-4a2 pq 

= a2 (P2 + q2 -2 pq) 2 marks: correct solution 

= a2 (p-q)2 

= a2 (1+ pq)2 [asp - q = 1 + pq 1 mark: substantially 
correct solution 

= a2 ( 1 + 2 pq + (pq )2) 

= a 2 +2a(apq)+(apq)2 

= a 2 +2ay+ y2 {asy = apq NB: as T does not lie on the 
parabola :i- = 4ay, it does not satisfy 

locus ofT is x2 = a 2 + 6ay + y 2 the equation. Subbing the point into 
the actual equation is not a valid thing 
to do, and is not the same as evaluating 
the expression :i-- 4ay . 

PE3 
( c )(iii) x = a(p+q) ... (1) 

y=apq ... (2) 
p-q =1+ pq 

~ 
(p-q)2 =(1+ pqt 

p2-2pq+q2=1+2pq+(pqf 

1 p2 + q2 = 1 + 4 pq + (pq )2 ... (3) 

I from (1) x =a(p+q) 

xz = a2 ( p2 + qz + 2 pq) 

i sub in (3) = a2 ( 1+4pq +(pqy + 2pq) 
c 

§ 
= a 2 ( 1 + 6 pq + (pq )2) cw 

~ 

sub in (2) = a 2 ( 1 + 6 ( ~) + ( ~ r) 
ie, locus of T is x2 = a 2 + 6ay + y 2 



t30 

PE3 

=a+ (proved 
' 

LPQY= -1-

=o:+ 

' [ ,, 

' ,, ,_, '7 '1 ' ", oi tdi,Lt equa s stnn l 

angles: ) 

at the circmrnference 

same arc aJ.'e equai) 

L\ABC 

( 
\_ on same arc 

is cyclic 

quadrilateral 

opposite interior 

are 

J 

) 

1 ma:r)i;:: corre:et solution 

1 mark: substantially 
correct solution 



Year 12 Mathematics Extension 1 Task 4 Trial Examination 2014 
Question No. 13 Solutions and Marking Guidelines 

Outcomes Addressed in this Question 
HE4 uses the relationship between functions, inverse functions and their derivatives 
HS applies appropriate techniques from the study of calculus, geometry, probability, trigonometry 

and series to solve problems 
HE7 evaluates mathematical solutions to problems and communicates them in an appropriate form 
Outcome Solutions Markin2 Guidelines 

HE4 {a )(i) Any domain not containing x = I. 1 mark 
eg. x > 1 Any correct domain, not containing x = 1. 

HE4 (ii) 
Consider the function as: 

X 
y=­

x-1 
Interchanging x andy will give the inverse of the function: 

x=-y-
y-1 

x(y-1)= y 

xy-x= y 

xy-y=x 

y(x-1) = x 

y = ~,which is the original function. 
x-1 

ie. the function is its own inverse provided x :f. 1. 

HE4 (b)(i) 

Domain: 

Range: 

(ii) 
HE4 

-1:::;.:.:::; 1 
3 

-3::s;x::; 3 

4 

-2 

(3,3TT/2) 

4 

1 mark 
Correct solution. 

2 marks 
Correct answers for both domain and range. 
1 mark 
One of domain or range stated correctly. 

1 mark 
Correctly drawn graph showing all 
important features. 



I-IS, HE7 

1- x--~sinx = 0 

x-isinx--ll = 0 

x+2sinx-sinx-l = 0 

2 

;If 5;;r 
x=6~ 6 2 

the furrn 

3 sir·1x- }5 COSX = ~15 COS.'C + 8 sin X 

-l.S C>)s:r+ 8 si~Jx "). ~·.ince R:::::.: 
17 17 ;' 

)7 

(an. ::Jntg1e in the secowj quadnnlf) 

= l7 cos(x-15::n 

OR 
the + 

8 sinx-1. 5 = -:1)5co~Lr~ ~; sin:r) 

=-] 

-17 cos(x -;-

.I -t{ -2'\,, 
or \ll1 = tan i - i 

' \,15) 

1 f\·7•) the ner~rest 

(a:n. ang1~ in the first quadrant) 

' -11/ 8 \ 
or 1' = tan , ---;: j 

\ l.J ./ 

the neare-c,t 

8sinx-15cos.7c=]0, (r-'sxs-;360° 

l7 = HJ, --- t52° ~ --152°:::; 208'' 

w 
17 

X= 98° ~ 206° 

3 ~1illt.u·ks 
C.orrect solution. 
2mll'du; 
SubBtm_1tia! progres:~. h:nN3·.1·ds corre.ct 
solution. e.g. 
i~1 sin ;:c. 

1 IIll:ll!'k 

Sorne progress tnwards coiTect solution. 
eg. Correct use i_dent]ties ·i:o £Jrn1 Zt 
qlmdratk in sin x. 

2 Jl!Jti\lid{S', 

Cox-rect solution 
1 mark 
Suhstalltial pregres~, 'i/YWanis c.orrcct 
sol'u·~iou_. 

2 [!Uii"kS 

(;orrect solution tJ:orn an1HVeJio obtain~fl in 
(i) ans"'iver in 
qve~;tion easieL) 
1 m:JJrk 
Substantial progre~~s tov·va.rds corre,ct 
solution. 



HE4 (e) 
1 

f'(x) = ---::-
4+9x2 

1 1 
=- --;---

9. 4 2 
-+x 
9 

1 1 
= 

9Hr +x' 

f(x) = .!_.~tan-1 ( 3x)+ c 
9 2 2 

1 _1(3x) =-tan - +c 
6 2 

7C 
but f(O)= 4 

:. n =.!_tan-1(0)+c 
4 6 

7C 
c=-

4 
Now, 

1 1 ( 3x) n f(x)=-tan- - +-
6 2 4 

t(2.J3J=.!_tan-I(3.2.J3]+ n 
9 6 2.9 4 

=itan-•( ~]+: 
1 7C 7C =-.-+-
6 6 4 
7C 7C 

=-+-
36 4 
n 9n 

=-+-
36 36 
5n 

--
18 

3 marks 
Correct solution. 
2 marks 
Substantial progress towards correct 
solution, at least correctly stating the 
correct function, fix). 
1 mark 
Some progress towards correct solution, at 
least demonstrating some knowledge of 
how to obtain the correct inverse tan 
primitive. 



Year 12 Trial Higher School Certificate Extension 1 Mathematics Examination 2014 
Question No. 14 Solutions and Marking Guidelines 

Outcomes Addressed in this Question 
H3 
H4 
H5 

Manipulates algebraic expressions involving logarithmic and exponential functions 
Expresses practical problems in mathematical terms based on simple given models 
Applies appropriate techniques from the study of Calculus, Geometry, Probability, 
Trigonometry and Series to solve problems 

H8 Uses techniques of integration to calculate areas and volumes 
H9 Communicates using mathematical language, notation, diagrams and graphs 
HE5 Applies the Chain Rule to problems including those involving velocity and acceleration as 

functions of displacement 
HE6 Determines integrals by reduction to a standard form through a given substitution 
HE7 Evaluates mathematical solutions to problems and communicates them in an appropriate form 
Outcome Solutions Marking Guidelines 

H3' HE6 (a) f __£_ dx is in the form f f'(( x)) dx 2 marks : correct 
1+ex f X 

solution 

H3,H5 

H3,H5, 
H9 

2m3 x 2m3 :. f _e_ dx = [log(1+ex)J 
0 1 +ex 0 

= log(1+e2m3 ) -log(1+e0 ) 

= log(1+em32 ) -log2 

= log(1+9) -log2 

10 
=log- = ln5 

2 

(b )(i) dV = 0.2e -0.04t 
dt 

dV o 
When t=O, -=0.2e = 0.2 

dt 
:. half the initial rate is 0.1. 

When dV = 0.1, 0.1 = 0.2e -0.04t 
dt 

0_5=e-0.04t 

-0.04t =loge 0.5 

t =loge 0.5 

-0.04 
t =17.3 (to 1 decimal place) 

:. flowing at half the initial rate after 17.3 days 

(ii) Amount of water flowing from spring in first 10 days 
10 

= f 0.2 e -0.04t dt 
0 

= ~ [e -0.04t ] 10 

-0.04 0 

=-5(e-0.4 -1) 
= 1.648 

.. 1.648 megalitres has flowed out ofthe spring in the first 10 
days. 

1 mark : significant 
progress towards answer 

2 marks : correct 
solution 

1 mark : significant 
progress towards answer 

2 marks : correct 
solution 

1 mark : significant 
progress towards answer 



H4,H5 

HE5 

H8 

(c) (i) Let the radius of the circle with height h be r. 

Volume sand= !n-r2h [1] 
3 

Using the right triangle, tan30° = !_ 
h 

1 r 
.. .fj=h 

h 
:.r= .J3 

Substituting in [I), V ~~"( ~ r h 

:. V = !n-x h3 = l_trh3 
3 3 9 

dV dV dh 
Using the Chain Rule - =-x-

dt dh dt 

G. dV 
tven - = -0.5, 

dt 
dh 

When - = -0.05, 
dt 

b2 
y2 = a2 ( a2 - x2) 

1 2 dh 
-0.5=-trh x-

3 dt 

-0.5 =! trh2 X -0.05 
3 

10=!trh2 

3 

30 = h2 
7r 

:.h=~ or 3.09crn/s. 

From diagram a, b positive, :. equation of curve is 

y =~.Jaz -xz 
a 

Area ellipse = 4 times the area in quadrant 1 
= 4 x area between the curve and the x 

axis, from x = 0 to x = a. 

ia b .J 2 2 =4 - a -x dx 
o a 

. 4b aJ.J 2 2 .. A=- a -x dx. 
a o 

1 mark : correct solution 

2 marks : correct 
solution 

1 mark : significant 
progress towards answer 

2 marks: correct solution 
1 mark: significant 
progress towards correct 
solution 



HE6 (ii) x = asinB 
dx 
-=acos(} 
dB 

When X= 0, 0 = asinB, e = 0 (Given 0::; (}::; 7r ). 
2 

When x =a, a =a sin(}, (} = 7r (Given 0::; (}::; 7r ). 
2 2 

7r 

4b 2 
A=- J .Ja2 -a2 sin2 (} .acosOdB 

a o 

4b 2 

=- J "a2 cos2 (} .acosBdB 
a 0 

4b 2 7r 
=- f acosB.acosBdB (Given o::;e::;-, 

a 0 2 

1r 

2 
= 4ab J cos2 BdO 

0 

a positive) 

2 2 (} cos 28 + 1 
Since cos 28 = 2 cos B -1, cos = ----

1r 

Then A= 4ab f cos 2(} + 1 d(} 
0 2 

1r 

2 
= 2ab J ( cos2B+1)dB 

0 
1r 

~ 2ab[~sffi2B+B I 
= 2ab(~sin7r+ ~ -0) 

7r = 2abx-
2 

b . 2 
= 7ra umts 

2 

4 marks: correct solution 
3 marks: substantially 
correct solution 
2 marks : significant 
progress towards a 
solution 
1 mark : some progress 
towards simplifying the 
integral 




